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Introduction
The technology of using a triaxial block of navigational 
accelerometers (BA) in the gimballess inertial navigation systems (GINS) 
consists in calculating the projections of the base apparent linear acceleration on 
the measuring axes (MA) of BA [1] according to its metrological model (MM). 
The numerical values of individual factors of this model are previously 
determined with the required accuracy by calibrating the BA in the lab 
conditions using an appropriate equipment (in the sense of its accuracy).
Usually, when calibrating the BA (as the vector measuring transformer) 
on the precision biaxial rotary table by a conventional method, the pre-known 
values of the gravity vector projections on the MA of BA are set by installing it 
in the specified test positions relative to the horizon plane (HP), then the output 
electrical signals of the BA are measured and the numerical values of individual 
factors of the MM are estimated by using the measurement results and the 
corresponding mathematical model [1, 2].
The instrumental errors of calculation of the relevant MM factors using 
such method of calibration are determined by the BA test angular position setter 
(biaxial rotary table). For example, these errors mustn’t exceed 3…5 
arcsec. (3 )  [3] When the BA is calibrated for the GINS of launcher “Cyclone-
4”. Only high-precision rotary tables, which have a high price and need almost 
ideal lab conditions for its usage, meet these requirements (usually, only the BA 
manufacturers have such conditions during its primary calibration). This 
significantly limits the possibility of the BA re-calibration in its service 
conditions, which is necessary for ensuring the accuracy. 
Problem statement
The purpose of this article is to develop a mathematical model identifying 
the BA MM factors, when it is calibrated by a new method using the 
measurement of the gravity module, which doesn’t require a high-precision 
installation of the BA in the test positions (TP) relative to the HP, to prove 
experimentally the adequacy of the developed identification model, to formulate 
recommendations on the practical application of this method.
A triaxial BA and its metrological models
Let’s consider a triaxial BA (Fig. 1.a), which includes a rectangular base 
with installing surfaces A (primary) and B (additional) and three single-axis 
navigational accelerometers (AC) 2, 3, 4, which are installed on the base 1 as it 
is shown on fig. 1/
а) b)
Fig. 1. A triaxial BA (a) and the coordinate systems, which are linked with the 
MA of the BA and AC, that are installed in the BA (b)
The BA basic surfaces are made with a high orthogonality and they 
determine the directions of its MA (the axes of the orthogonal Cartesian 
coordinate system (CS) OXYZ ), at the same time 0 ,  0Z А Y B  . 
Accelerometers  , , jA j X Y Z  2, 3, 4 are installed in the BA in such a way 
that their MA are codirectional with the BA MA and, in general, they form 
nonorthogonal CS 1 1 1OX Y Z . The orientation of this CS relative to CS OXYZ  is 
shown on fig. 1, b. The mismatch of the BA and the AC CS is determined by 
small angles of nonorthogonality in the corresponding planes -   , , ,ij i j x y z  , 
where index i  identifies the AC MA and index j  identifies the BA MA. Note 
that ij ji  .
A triaxial BA makes a measuring conversion of the apparent acceleration 
projections   , ,jа j x y z  on its MA into output electrical signals (with the 
required accuracy) using the MM of its output signals
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The BA is being used in GINS with the help of its MM of the apparent 
acceleration projections that are being measured
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where  , , ,x y zU U U output  are the output electrical signals of the AC; 
    , , ,jа j x y z g –are the apparent acceleration projections on its MA 
measured by the BA;  0 ( , , ),iU i x y z output  are the biases of AC; 
 ( , , ), ( , , , , ),ii ijK i x y z K i j x y z i j output g   – are gain and cross-axis factors, 
respectively. The cross-axis factors in the first approximation can be determined 
by the corresponding angles   , , ,ji i j x y z   using the formula
( 1) .nij ii jiK K   (3)
In (3) 2n  , if the index j  follows index i  in their cyclical permutation 
x y z  , and 1n  , if this doesn’t take place.
The goal of BA calibration is to identify the numerical values of the 
model factors (1) with the required accuracy. These factors are being used as the 
passport constants to calculate (within GINS) the projections of the apparent 
acceleration which are measured by the BA (model (2)).
In order to develop the mathematical model for the identification of these 
factors when the BA is calibrated using the considered method, let us write 
additional approximate expressions for estimated projections of the apparent 
acceleration which are measured by the BA. For this goal let’s solve the system 
(1) by the Cramer’s rule with the accuracy up to the values of the 2nd order of 
smallness relative to numerical values of gain factors:
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Initial regulations for the development of the mathematical model for 
the identification of the MM factors 
To solve the given problem, let us accept the next initial regulations:
- if the BA, which is previously calibrated, is installed on the stationary base 
in the random position relative to the HP, than it will measure only the 
projections of the gravity vector g

, that can be calculated by the model (2). The 
value of the module of this vector, that is estimated using the results of 
measurement by formula
2 2 2 ,e x y zg a a a   (7)
is invariant (independent) to orientation of the BA relative to the HP;
- if the model factors (1) are identified inaccurately (with some error), than the 
error of calculation of eg  will exist.
,e t ag g g g     (8)
where ag  is an acceptable error of calculation of module g

 by the model (2). 
For example, for the BA of GINS in launcher “Cyclone-4” this value 
(approximately) is next (3 )
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Having analyzed the result of subtraction 2 2 2e t te g g g g    , as an error of 
calculation of 2,eg  by using (8), let’s form a requirement
2 .t ae g g  (10)
We consider (10) to be an integral criterion of achievement of the required 
calibration accuracy;
- the mathematical model for identification of the MM factors should 
implement the iteration refinement procedure for these factors, which gradually 
brings the magnitude of e  to the satisfaction of condition (10), that is considered 
to be an integral criteria of the calibration completion and the validity of factors 
from (1).
Identification model for six and nine factors of the BA MM
Let us try to find all factors from model (1). By substituting (4)…(6) into 
(7) and neglecting terms, that have the 4th order of smallness with respect to 
2 2
0( ) / ( , , )i iiiU U K i x y z  ), the estimated value of 2eg  can be rewritten as
   
 
 
2
2 0
0 0 0 02
, ,
0 0 0 0
0 0 0 0
2
2
2 ,
i
e x y y x x y x y
i x y z
x z z x x z x z
i
z y y z z y z
i
y
i
U U
g U U U U U U U U Sxy
K
U U U U U U U U Szx
U U U U U U U U Syz

     
    
   

(11)
where
2 2 2 2 2 2; ; .
xy yx zy yzxz zx
xx yy yy xx xx zz zz xx zz yy yy zz
K K K KK K
Sxy Szx Syz
K K K K K K K K K K K K
      (12)
Analysis of expression (11) shows that it consists of only nine (previously 
known) different combinations of the BA output signals 
 ,, ; ,2j j j iU U U U i j i j = x,y,z . This gives an opportunity to obtain the system 
of only nine independent equations, which can be formed using the results of 
measuring the BA output signals in nine of its test positions with respect to HP. 
Thus, the solution to this system will give the values of only nine required 
factors (three gain factors, three biases and three new complex factors (12), the 
sums, each of which depends on the pair of gain factors (can be determined) and 
the pair of unknown cross-axis factors.
Let us solve the problem of identification of these nine factors. To 
accomplish the iterative procedure we define factors as follows: 
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defined gain factors and biases of jth MA and factors (12) at the kth and (k-1)th 
iteration, respectively;  , , 1j kP ,  ( , ), , 1xy zx yz kP  and  , ,j kQ В  are the estimated 
multiplicative corrections for gain factors and factors (19) and the estimated 
additive corrections for biases at the kth iteration; ˆ jjK , 
 ( , )xy zx yzS  and 0ˆ jU  are 
the final estimates for gain factors, factors (12) and biases, respectively.
The initial value for each of the sought factors can be chosen from any 
real number. We will get the final estimates for gain factors and biases, when the 
iterative method converges (condition (10) is fulfilled). Thus, we accept the true 
value of the gravity module to be next
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where ,ˆj ka  is the estimated value for the gravity projection on the jth axis 
calculated using the calibrated factors of the kth iteration. Considering the fact 
that the last iteration fulfills condition (10) and taking into account (11), (13), 
we can rewrite the true value of the gravity module in the matrix form: 
   2 1,t kg C X       (14)
where:
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is the sum of components that have the 2nd order of smallness relative to the rest 
of (14), and since , 0j kQ   in the iterative procedure, we say that 1 0k  ,
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To identify nine unknown corrections we form a system of nine equations 
from (14) by installing the BA in nine TP ( 1,9)s  relative to the HP according 
to Fig. 2 and Table 1 and by measuring its output signals in these TP. This 
system is
   2 9 9 9 19 1 ,tg C X      (15)
We select nine TP in such a way: in each TP two of the MA should lie 
approximately (with an error up to 5  ) in the HP (in these orientations the 
components with cross-axis factors have the minimal influence on the output 
signals of the BA). In the other three positions the output signals should be 
maximum and equable for all three axes. The orientation of the BA MA relative 
to the HP in these positions is shown on Fig. 2 and in Table 1. A biaxial rotary 
table acts as a setter of these TP. One of its rotation angles is limited (0...90 ). 
Table 1. 
Test positions of the BA that are used to identify the MM factors
TP, 1 2 3 4 5 6 7 8 9
Set of the BA 1 1 1 1 2 2 2 2 1
α 0 -90 -90 -90 0 -90 -45 -45 -45Rotation angle, 
degrees γ 0 0 90 270 0 0 45 -45 45
а) b)
Fig. 2. The order of rotations of the BA (CS OXYZ) with respect to the HP 
(CS ОXtYtZt, which is connected with a platform of the rotary table) in 
its 1st (а) and 2nd (b) initial installations
Having solved (15) with respect to  9 1X   containing all the unknown 
corrections, we obtain final expressions for unknown factors at the k-th iteration:
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where , , ,, ,x k y k z kQ Q Q  are estimated with the help of some additional equations
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The calibration problem can be reduced to identification of six factors 
from model (1) (three gain factors and three biases). Such simplified problem 
statement is quite correct since in real BA of a navigational class the values of 
cross-factors are less than the 2nd order of smallness relative to the magnitudes 
of gain factors (because of the real angle values being 3  (1...10) 10ij
    rad), 
and it has been used in [4]. When identifying 6 MM factors all presented 
formulas for identification of 9 factors are actual. The only difference is the 
absence of factors (12) and, thus, the dimension of 2іg    will be reduced to 
6 1,  the dimension of  C  will become 6 6  (three mid rows disappear), and 
the dimension of  X  will be 6 1  (three mid columns disappear). To identify 6 
factors from (1) we use 1-6 TP from Table 1. Final expressions for the gain 
factors and the biases at the kth iteration:
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Experimental confirmation of the adequacy of the developed 
identification models and recommendations for the application of the developed 
calibration method 
Experimental confirmation of the adequacy of the developed 
mathematical models, which identify the MM factors of the navigational BA, 
can be gotten by comparing the results of its calibration in the same conditions 
using two methods. The first method consists in measuring the previously 
known (with a high accuracy) values of projections of the gravity vector g

 on 
the BA MA [3] using the precision equipment (an acceptable error of setting the 
TP of the BA relative to the HP is 5…10 arcsec). We consider this equipment 
and the results of this method to be etalon. The second method is that introduced 
in this article.
Equipment, necessary for calibrating the BA using the developed method, 
is shown on fig. 3.
Fig. 3. Equipment for calibrating the BA using the measurement of the 
gravity module
This equipment includes the foundation with daily fluctuations of the base 
less than ±10 arcsec, the precision voltmeter with an accuracy 0,005%, PC (is 
not shown on Fig. 3) and the biaxial rotary table (an error of setting the TP is 
±10). The triaxial BA, which was calibrated, is presented on Fig. 1.а. Three 
navigational compensation accelerometers with transformer angle sensors are 
assembled in the block.
During the calibration, TP were set using the rotary table (with an error 
±50) according to Fig.1 and Table 1, in which the voltmeter measured the output 
signals of the BA. The numerical values of the sought factors of the MM were 
determined by using the measurement results and the developed mathematical 
models ((17) and (16)), which include the iterative procedure.
When calibrating the BA by the etalon method, its TP (18 positions with 
the reinstallation) with respect to the HP were set with the help of optical 
dividing head (ODH) ODH-10 (an error of setting the TP is ±10 arcsec), the 
output signals were measured by the same voltmeter.
There are numerical values of the sought factors from the MM in 
Table 2, obtained using the results of calibration by the etalon method and the 
developed one.
Table 2. 
Factors of the MM
Values estimated by
Factor
model (17) model (23) model of the etalon method
,xxK V g 2.181119 -2.177666 -2.177741
,yyK V g 2.143011 -2.141269 -2.141111
,zzK V g 2.146462 -2.144621 -2.144821
0 ,xU мV 27.571 27.561 27.802
0 ,yU мV -32.261 -32.161 -31.201
0 ,zU мV -620.164 -620.286 -620.620
2 2, S y g Vx 0 -0.000801 -0.000813
2 2, S x g Vz 0 -0.003101 -0.003083
2 2, S z g Vy 0 -0.002555 -0.002595
; ,xy yxK K мV g 0 -18.501; 26.302
; ,xz zxK K мV g 0 24.003; 7.250
; ,yz zyK K мV g 0 31.502; -6.001
Data in Table 2 gives us information about identification errors of factors 
(by comparing the estimated values to their etalon ones). So, using model (17), 
the gain factors of the BA can be determined with a relative error 0,1…0,15%, 
its biases have an absolute error 0,03…0,25 mg . Using model (16), they can be 
identified with errors 0,005…0,01% and 0,03…0,17 mg , respectively.
Comprehensive experimental adequacy verification of the developed 
mathematical identification models was performed by determining (using 
formula (8)) an error g , where the value of eg  was calculated by (7). The 
components in (7) were estimated with the help of model (2) and the identified 
factors from Table 2. For this goal the additional series of measurement of the 
BA output signals was made by installing it in nine TP respective to HP, in 
which the projections of the gravity on each axis were maximal.
Calculation results of the above errors g  in the TP are shown on Fig. 4, 
where line 1 is an error when 12 MM factors (identified by the etalon calibration 
method) are used in (2); line 2 is an error when only 6 MM factors (identified by 
(17)) are used in (2); line 3 is an error when 6 MM factors (identified by (16)) 
and 6 MM cross-axis factors (identified by the etalon calibration method) are 
used in (2); line 4 is an error when only 6 MM factors (identified by (16)) are 
used in (2); line 5 is , as an example, an acceptable error, which satisfies 
condition (9). 
Fig. 4. An error g in the TP of the BA
The obtained experimental results confirm the adequacy of the developed 
mathematical identification models, demonstrate the possibility of calibrating 
the navigational BA by using the setter of the TP, which has a low accuracy (an 
error up to 5  ), and allow to offer the following recommendations for 
application of the new developed calibration method for the BA:
- at the present-moment of its development, the calibration method, 
presented in this article, can be used only for the primary calibration of a low-
precision navigational BA, as long as it doesn’t allow to identify six cross-axis 
factors of the BA. The methodical error of the estimated projections of the 
apparent gravity acceleration by model (2), which occurs when neglecting the 
cross-axis factors in (2), is sufficiently large. This error pre-determines the 
accuracy of the BA. This is demonstrated by lines 2 and 4 on Fig. 4, which show 
that a substantial reduction in the instrumental error in the estimated (by model 
(2)) projections of the apparent acceleration does not increase the accuracy of 
the measurement results (line 4), even though the gain factors and the biases are 
refined by model (16);
- if the navigational BA is primary calibrated (usually it is made during its 
production) by the etalon method, so that all twelve factors of its MM are 
identified, and the necessary accuracy of measurement is satisfied (that is shown 
by the line 1 with respect to the line 5 on Fig. 4), than the developed method 
gives an opportunity to recalibrate the BA using low-precision equipment in 
order to clarify (by model (16)) the existing at the time of re-calibration values 
of gain factors and biases of its MM and to refine six cross-axis factors of its 
MM using (3) in case when the angle values ij  are known (estimated using the 
primary calibration results) and unchanged in time. If such periodic re-
calibrations of the BA by developed method are made during its service, than 
the required measurement accuracy will be provided. This can be seen on fig. 4 
(line 3 relative to line 5).
Conclusions
Developed mathematical models (17) and (16) provide an identification of 
MM factors of navigational BA when it is calibrated by the developed method 
using the measurement of the gravity module g

 by a low-precision biaxial setter 
of the TP of the BA (an experimentally identified error of setting its TP goes up 
to ±50). Physically this is possible because of the value of the gravity module 
g

being invariant to the orientation of the BA with respect to the HP
On the time being, the specialty of the developed most accurate 
identification model (16) is its impossibility to unambiguously determine six 
cross-axis factors, so that the primary calibration by this model can be used only 
for low-precision BA.
The big advantage of this calibration method is that it’s possible to refine 
all twelve factors of MM of high-precision navigational BA (by model (16) and 
formula (3)), when it is re-calibrated (during its service) using a low-precision 
equipment. But the BA needs to be primary calibrated (for example, when it is 
produced) by the etalon method using a high-precision equipment (an error of 
setting the TP of the BA should be less than ±10 arcsec). This gives an 
opportunity to provide the required measurement accuracy of BA during its 
service time by its re-calibration by the developed method.
In the future it is appropriate to obtain the mathematical identification 
models for all twelve factors of the BA MM. It will enable to perform a primary 
calibration of a high-precision navigational BA, using a low-precision 
equipment.
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